The properties of the Lie derivative of a differential form with respect to a vector field are applied to some physical problems. In particular we study balance equations.
Introduction
The concept of the Lie derivative of a differential form (or a vector field) with respect to a vector field plays an important role in many domains in physics.
Applications have been made to classical mechanics, hydrodynamics, optics, quantum mechanics, supergravity, theory of relativity and statistical mechanics . Moreover partial differential equations (linear and non-linear), which play an important role in physics, can be treated within this so-called geometric approach [23, 24] .
In the present paper we show how some physical laws can be derived within this approach.
In Section 2 we give a summary of the rules for the Lie derivative and the related operations, namely inner product, exterior derivative, co-derivative, and star operation. Some additional rules to those found in the literature will be given [1-6, 23, 25] . Section 3 is devoted to introducing the notion of invariance of a differential form with respect to a vector field. Moreover, we derive some relations for forms which are invariant with respect to a vector field. Several examples which are important in physics will be given (Section 4). In particular, we study continuity equations. Now the concept of the Lie derivative of a form w.r.t. a vector field can be introduced [1 -6] . The
Mathematical Preliminaries
Lie derivative of a form a w.r.t. X is defined by the derivative of a along the integral curve t -> &t of X,
i.e., a = lim {(#«*<*-a)/«}.
(
1) t-+o
The definition of the Lie derivative is not useful for practical calculations. Rather, we use the important
da denotes the exterior derivative of the form a.
X -i a is the contraction of a by X (also called inner product). For a form, a, the Lie derivative Lx may be viewed as the propagator of the form, a, down the trajectories of the vector field X.
For vector fields the Lie bracket can also be considered as a Lie derivative. This means
Before introducing the notion of invariance we
give the rules of manipulation. Most of the rules can be found in the literature [1 -6] , [23, 25] .
a and ß are r-and s-forms respectively. /, /i, ..., ft, g are arbitrary functions, c, C\, ..., C4 denote constants. The Lie derivative of a differential form w.r.t. a vector field has the following properties:
Lx(Y->ol) = [X, Y]->X + Y-J(LXX),
hx,Y] a = Lx(Lya) -Ly(Lxa.),
Lxf* = (Xf)x + f(Lxoi),
In addition we have the rules for the exterior derivative, the transformation properties of differential forms (where 0: M-^-N: p-^-0(p) is a differentiable transformation from the manifold M into the manifold N), the inner product (which is a purely algebraic bilinear operation), and the Lie bracket of vector fields.
(/ia + /a0)A(/8y + /4d) = /i/3(«Ay) + /i/4(aAd) (15) + hfs(ß^y) + f2h(ßAd),
0*(f*) = (fo<P)0*oL, (27) (/1X_>+/27-J)(/3a + /4£) = f1f3(X^0i)+f1U(X^ß) (28)
X -j X = 0 , In general the physicist is familiar with exterior derivatives and exterior products. To calculate the inner product of a form and a vector field, we use the basic property (in local coordinates)
and the rules (28) through (32) . The given property means that the one-forms {dxj, j -1, ..., n} are defined to be the duals to the elements of the basis {djdxi,i = 1, For example, the contraction of a vector field with a two form plays an important role in classical mechanics. Let X = X 1 d/dxi + \-X n djdxn and a = dXi A dz;, then
where ßAf = fAß = fß. As a further example, let M -R n (or any open subset of IR n ) and
Then we have the local representation
i=l
The circumflex indicates omission. Notice that (n-l)-forms and vector fields are in one-to-one correspondence via X X -i co. To sum up, the rules [Eqs. (4) through (14), and Eqs. (32), (37)] enables us to calculate, in local coordinates, the Lie derivative of an arbitrary form w.r.t. an arbitrary vector field.
The notion of the co-derivative dcc of a form a is also important in physics. It is defined (in euclidean coordinates, M = Riemannian manifold) for an r-form (r ^n) can also be applied to covariant and contra variant tensors. The differential forms are a special class of covariant tensors. However, some physical quantities, for example the energy-momentum tensor, cannot be expressed as a differential form. Hence, for the sake of completeness Ave consider the Lie derivative of covariant tensors. Let S and T be covariant tensors. We have the following rules. Again, the operator Lx{.) is linear. This means
LX(T + S) = LXT + LXS,
In analogy to Eqs. (6) and (12), one has
Lx(T <g> S) = (Lx T) ® S + T ® (.LXS), (44)

Lx(fT) = (Xf)T + f(LxT). (45)
In local coordinates a covariant tensor can be expressed as
ii...ip = l
Consequently, to calculate the Lie derivative of T with respect to X it remains, after applying the rules given above, to determine the expression Lxdxi. This can be done by making use of the rule (2). Because of dd^ = 0, w r e obtain Lxdxi = d(X -i dxt) = dX f , where dZ f is given by Equation (22) . With the rules given above we are able to treat invariance problems which arise in the theory of relativity [20, 21] . Requiring that LXT = 0, then Ave get the so-called Killing vector fields.
Invariance Conditions
Starting with the definition given above we are able to establish the notion of invariance. Let X be a vector field on M and a a form on M. The requirement that a differential form, a, be a conformal invariant w.r.t. a vector field, X, is realized by the statement Lx a = <7 a ,
where ge C°°(M). If <7 = 0,then we call a invariant w.r.t. X. Thus we have the condition
The object a does not change as it propagates down the trajectories of X. For short we call a X-invariant [26] . As a first example, let 
The quadratic form x 2 + y 2 + z 2 -t 2 is invariant under the above vector fields Xi, ..., X$. This means LXi(x 2 + y 2 + z 2 -t 2 ) = Xt(x 2 + ij 2 + z 2 -t 2 ) = 0.
As a third example we consider the forms
and the vector field
where m 2 is a constant. We obtain Lxcl = 0 and Lxß = 0. Since Lx<x. = 0, we find that Lxda = 0 (rule (8) 52)) is associated with the Lorentz transformation.
An X-invariant form a is said to be an absolute integral invariant [26] of X if in addition X -1 a = 0 or equivalently if simultaneously X -J a = 0 and X -J da = 0 .
A first integral of X is an absolute integral invariant of order 0. A form a is said to be relative integral [26] of X if da is an absolute integral invariant of X. This means X -' da = 0 . Equations (47), (55) have been studied a great deal in physics . The author has applied these equations for investigating dynamic systems containing limit cycles and periodic orbits [27] [28] [29] [30] [31] .
If some invariants are known, other invariants can be calculated. We have the following properties: Let X be a vector field on M, and a, ß invariant forms of X. Then X -I a, da, and a A ß are invariant forms of X. The proof can be found in Abraham [1] .
Let us consider conformal invariance. X -i a and a A ß are conformal invariant forms of X, if a and ß are conformal invariants under X. To prove the first assertion we consider the identity (9) . If Z,za = /a, then Lx{X -J a) = f(X -J a). A further contraction with the vector field X leads to nothing new. The reason is that for every vector field X and every form a we get X -' (X -i a) = 0. To check the second assertion we apply the identity (6) . If Lx a = / a and Lx a = g a, then
Lx(aAß) = (f + g)(*Aß).
It should be mentioned that in general da is not a conformal invariant w.r.t. X, if a is conformal invariant w.r.t. X. To see this we apply the identity (8) Avhere c is a constant.
Applications to Physics
NOAV let us apply the deA r eloped tool to some problems in physics. Since we are studying problems in space-time, the vector field under investigation takes the form 
/ is the mass density, g the total energy per unit mass, A represents the heat flux density, and fp the internal heat generation rate per unit volume.
Requiring that /co = 0, then we also obtain the continuity equation, howeA r er an additional condition appears. We have Consequently, the expression Lycc -d((X) 2 /2) is equal to the expression given by Equation (66). Now we are able to establish the Eulerian equation (or particular forms of it) in the language of Lie derivative and exterior derivative. For example, the equation
Ly a = d((X) 2 /2)-dp (68)
/ is the mass density, and p denotes the pressure. Thus Eq. (69) describes the Eulerian equation.
In the present example we have mainly considered cartesian coordinates, but we emphasize that the operators d(.) and Lx{-) are coordinate free.
Finally, let us discuss some problems concerning the notions ,,grad", ,,curl" and ,,div" in spacetime. In R 3 with coordinates x, y, z we have the following properties: Let @ = @(x, y, z). The equation d& = 0 is equivalent to grad 0 = 0, because dx, dy, and dz are basic forms. Let a = Ei dx -F E2 dy + E3 dz .
Then the requirement da = 0 is equivalent to curl E = 0 with the vector E = (Ei, E2, E3), because dx A dy, dy A dz, and dz A dx are basic forms. Now let ß= Bizdx A dyB23dy
A dz-\-B3\dz A dx. It follows that dß = 0 is equivalent to div B = 0 with the vector B = (B23, B31, B\2) . In space-time the situation becomes more complicated. In space-time we obtain physical laws for appropriate forms. The continuity equation can be expressed as follows. Let
Applying the rule d(^f A) = (dgr) A X + gdk, we find that the requirement da = 0 leads to the continuity equation. / is the mass density and X the velocity field. Consider next the 2-form
The equation dß = 0 yields curl E = -dBjdt and div B = 0. The first equation is Faraday's law of induction and the second one the nonexistence of true magnetism. Finally, let us consider the 1-form
where (X) 2 = (X 1 ) 2 + (X 2 ) 2 + (X 3 )2. The condition dy = 0 leads to the equation curl X = 0 and dX/dt + grad ((X) 2 /2) = -grad p. Thus we find a particular form of the Eulerian equations, i.e. curl X vanishes, p denotes the pressure. Obviously, the described approach can be extended by considering the condition da = ß instead of da = 0. Thus ß is an r-form and a an (r-l)-form.
Conclusion
To sum up, we have shown that the concept of Lie derivative is a powerful tool for describing physical laws. In particular, the balance equations can be obtained rigorously. The given approach can also be applied to differential conservation laws in the theory of relativity. However, some quantities in this field cannot be represented as a differential form. Here we must use Eqs. (42) through (46).
Since the physicist is not familiar in general with the rules of manipulation of the Lie derivative a short review about the properties of the Lie derivative has been given. Throughout we have studied local forms of the derived equations. In most cases the euclidian space has been the underlying Riemannian manifold.
To extend the present theory it is necessary to include integration on manifolds and in particular the theorem of Stokes [32] , With this tool we are able to introduce quantization.
In the present paper we have considered the concept of invariance, conformal invariance, integral invariance, and relative integral invariance. Relative integral invariance plays the central role in classical mechanics. The concepts of invariance and conformal invariance are important for deriving balance equations. To treat partial differential equations (linear and non-linear) within the present approach the concept of invariance must be extended. The partial differential equation is cast into a system of partial differential equations of first order and then into an equivalent system of differential forms. The equivalent system of differential forms is a differential ideal [33] . An example of a differential ideal is given by Equation (51).
In physics it is known that via the concept of variation (what in mathematics is called the Frechet derivative of certain mappings between Banach spaces) physical laws can be obtained (as a typical example the Lagrange equation). Both concepts are connected [33] .
Finally we mention a point of view which has been overlooked so far. Moreover, in some books [14, 34] this point of view has not been taken into account at all. In Section 3 we have introduced mass density as the three form / (x, t) DXI A dx2 A D^3.
Because of certain transformation properties the density must be considered as a current [35] (in the present case as a 0-current). However, the considerations given above remain true, because such questions don't play any role in the present case. A current is a linear form defined via an integral over the form a A <Z> where 0 is a so-called fc-test-form and a a (n -fc)-form. For many purpose one can identify the form a and its associated current Ta (for details see [35] ).
